For a given reservoir of known permeability and dimensions, the proppant mass injected to the pay determines a unique proppant number. Unique to each proppant number, there exists an optimum dimensionless fracture conductivity that exclusively determines the optimum fracture dimensions. Impairments affecting flow perpendicular to the fracture surface are accounted for as fracture-face-skin effect. On the other hand, flow impairment caused by a reduction of the fracture conductivity near the wellbore is called choked fracture skin. Both effects have a large influence on the productivity of a fractured well.
Introduction
The post-treatment performance of hydraulically fractured wells has been a recurring theme in petroleum literature, covering the spectrum of understanding the physics of flow to the optimization of design. Optimization itself has taken different comprehensive economic hues, from just reducing execution costs to maximizing production or injection rates.
Irrespective of the ultimate criterion, the magnitude of reservoir permeability has been central to fracture morphology. For a given reservoir of known permeability and dimensions, the proppant mass injected into the pay determines a unique proppant number. Unique to each proppant number there exists an optimum dimensionless fracture conductivity 1 that exclusively determines the optimum fracture dimensions.
However, damaged hydraulic fracture performance deviates substantially from that of undamaged fractures. This work is intended to calculate and optimize the performance of hydraulically fractured wells that are burdened by two types of flow impediments-fractureface damage and damage at the connection between the fracture and the well, referred to as a choke. Fracture-face damage can be actual damage to the reservoir permeability from fracturing fluid and polymer leakoff, or it can be caused by the reduction in relative permeability because of a phase change. Choked fracture is mainly caused by proppant flowback or overdisplacement.
This work follows a considerable body of literature, postulating that the increase in the fractured well productivity (compared to the unfractured state) depends on both reservoir and fracture characteristics.
In 1960, McGuire and Sikora 2 studied the effect of vertical fractures on well productivity and showed how the productivity depends on the fracture penetration and conductivity.
Prats et al. 3 and Cinco-Ley and Samaniego 4−6 are credited with the introduction of dimensionless groups of variables to describe the performance of a fractured well. The concept of dimensionless fracture conductivity has since been used as the dominant indicator of relative improvement in fluid flow that is provided by the fracture compared to the alternative (i.e., no fracture).
Early in fractured well performance research, certain works assumed an infinite-conductivity fracture. Prats et al. 3 showed that in the case of an infinite-conductivity fracture and relatively large drainage area, the effective wellbore radius is equal to one-half the fracture half-length. In an infinite-conductivity fracture, the pressure drop is negligible with respect to that in the formation. This situation is achieved when the dimensionless fracture conductivity is greater than 300. Gringarten and Ramey 7 first introduced the mathematical solution for this kind of fracture in an infinite acting reservoir, and it has been used since in well test applications for wells intersecting large natural fractures.
Sawyer et al. 8 presented a numerical simulation for the production of wells intercepted by a finite-conductivity fracture. They showed that the assumption of infinite fracture conductivity could lead to serious errors when calculating the fractured well performance.
In 1978, Cinco-Ley et al. 5 demonstrated that the infinitefracture-conductivity assumption is quite erroneous when the pressure drop along the fracture is considerable, which would be the case if the dimensionless fracture conductivity were lower than 300.
The focus of much of this work was addressing well-testing techniques. 5 However, as early as 1962, Prats et al. 3 showed that an infinite-conductivity fracture, even if achievable, was not the one at which maximum well production would occur if the volume of proppant is correctly accounted for as a constraint.
The productivity index of a fractured well, however, is often less than the one predicted, even when employing correct finiteconductivity fracture models. This is mostly caused by an extra pressure drop around and/or within the fracture that can be attributed to damage to the formation immediately surrounding the fracture face or additional flow impediments in the fracture. Cinco-Ley and Samaniego 6 proposed a pressure transient solution that considered the fracture face skin. They assumed that the flow from the formation toward the fracture was linear, passing through two porous media in series. One medium is the undamaged formation, and the other is the damaged zone around the fracture. In the same work, they also studied the effects of flow impairments inside the fracture near the wellbore for what they termed the choke fracture skin.
Another effect that causes an additional pressure drop is the non-Darcy flow within the fracture. Wattenbarger and Ramey 9 and Holditch and Morse 10 investigated how the fracture conductivity is affected by the non-Darcy flow and found that the extra pressure drop is proportional to the product of a turbulence factor and velocity square. Methods to correct the dimensionless fracture conductivity, used in fracture design and well-test analysis, also have been developed by Guppy et al. 11 and Gidley. 12 The latter work showed that fractured wells affected by non-Darcy flow within the fracture exhibit an apparent (reduced) fracture conductivity that is flow-rate dependent.
We note that the concepts of proppant number and optimum dimensionless fracture conductivity remain valid even for the case of non-Darcy flow if the appropriate reduced proppant pack permeability is substituted into the definitions of proppant number and fracture conductivity. Because the reduction factor in equivalent permeability is flow-rate dependent, some iteration cycles might be needed during the optimization process.
In a much later work, Wang et al. 13 demonstrated the production impairment of fractures in gas-condensate reservoirs caused by the formation of liquid condensate in the vicinity of the fracture face. They considered this effect, caused by relative permeability phenomena, as a type of fracture-face damage similar to the one described for real damage by Cinco-Ley and Samaniego. 6 With both analytical and numerical simulators, Azari et al. 14 demonstrated the choking effect caused by low fracture conductivity near the wellbore. Such a situation can arise if, for example, the proppant is overdisplaced at the end of a treatment by the flush or if the proppant settles significantly during fracture closure.
Until now, however, no rigorous method has been proposed to directly calculate the pseudosteady-state performance of such a nonideal fractured well without solving the model for all previous times (that is, in transient regime). The purpose of this work is to investigate the effect of the flow impairments on the productivity index.
In the following sections, a solution methodology is suggested to determine the inflow into a fully penetrating vertical fracture that is intersected by a vertical well located in the center of a square drainage area and is subject to the individual or combined effects of fracture face skin and choked fracture skin. With the solution methodology, pseudosteady-state productivity indices are calculated. In the presentation of results, we rely heavily on the previously introduced proppant-number concept. The approach's usefulness is illustrated in conjunction with fracture design optimization and fractured-well performance analysis.
A Direct Boundary Element Method To Calculate the Fractured Well Productivity Index
Influence Function. Ozkan 15 suggested that the pseudosteadystate drawdown at any point in a reservoir (x,y) caused by a well located at (x w ,y w ) can be given in terms of an influence function, a.
Because the dimensionless productivity index, J D , is defined by
the influence function can be used to calculate the dimensionless productivity index of a single vertical well as follows.
where r w ‫ס‬the wellbore radius and s‫ס‬the skin factor. A novel application of Eq. 1 has been the generalization to multiwell environment by Valko et al. 16 and simultaneously by Umnuayponwiwat and Ozkan. (4) where n w ‫ס‬the number of wells (line sources). For a square drainage area considered in this work, y eD ‫ס‬x eD and the influence function depend only on the location of the source (denoted by w i in subsequent equations) and the observation point (denoted by o j ).
Vertical Fracture Performance. If a fully penetrating vertical fracture intersects the wellbore, the well performance depends on the following penetration ratio. (7) which, after multiplying and dividing by the reservoir thickness, h, leads to (8) In Eq. 8, V 2w,prop ‫ס‬ the volume of the two-wing propped fracture inside the pay, and V r ‫ס‬the drained volume (pore plus matrix). Eq. 8 is quite important because it shows that the proppant number is a constant quantity for a given mass of proppant injected into a given drainage volume.
1 Direct Boundary Element Method. Romero 18 solved the problem of calculating the pseudosteady-state dimensionless productivity index of a vertically fractured well with flow impairment. The fracture is modeled as n w line sources located at w i (i: 1…n w ) with corresponding (nonuniform) production rates (q 1 ,…q nw ). Eq. 4 is applied at n w observation points in the fracture (at o i , located between w i−1 and w i ). The pressure (drawdown) difference between two observation points (o 1 and o 2 ) can be obtained from the corresponding applications of Eq. 4, with
Darcy's law for the flow in the fracture results in
Because Eqs. 9 and 10 describe the pressure drop between the same two points, their right sides are equal. If the following dimensionless variables are defined (along with the definition of the dimensionless fracture conductivity in Eq. 6), then we obtain the following equation in dimensionless form:
Eq. 14 describes the pressure drop between observation points 1 and 2. We can write n w −1 similar equations between o 1 and reexamine observation points. (Note that in Eqs. 12 and 13, x e *=x e /2 because of the symmetry of the problem.) The notation for Eq. 14 is shown in Fig. 1 .
As suggested in Ref. 18 , the n w −th equation should be the direct application of Eq. 4 at the wellbore with ⌬p D ‫.1ס‬ Once the system is solved, the dimensionless productivity index is calculated from the following. (Note that a factor of four is needed in Eq. 15 because the obtained individual production rates add up to one-quarter of the total production from the well.) In the calculations, a maximum n w ‫215ס‬ line sources were used, and the influence function was calculated according to the method detailed in Ref. 16 . 
Results for
low to moderate range (i.e., less than 0.1).
Note from Fig. 3 that when the propped volume increases or when the permeability contrast is very large, the optimal dimensionless productivity index occurs at larger dimensionless fracture conductivity values. Also note that for values of N prop equal to 10 or more, the maximum dimensionless productivity index is achieved when the reservoir is penetrated from "wall to wall" (i.e., when the penetration ratio, I x , equals 1). It is questionable, however, that such large proppant numbers can be realized in practice. In any case, the optimum fracture geometry is given by: The optimization of hydraulic fracture geometry presented previously does not include the effect of a damage zone around the fracture face and/or within the fracture. Because both effects have a large influence on the productivity of a fractured well, they should be considered during the optimization process.
Fracture-Face Skin Effect
Fracture-face damage implies permeability reduction normal to the fracture face and includes flow impairments caused by several factors. A filter cake may be formed on the inside fracture face that is difficult to eliminate, even with proper breaking practices. There is always a zone around the fracture that is invaded by some portion of the polymer contained in the fracturing fluid. The filtrate component of the fracturing fluid penetrating the formation causes some permeability impairment in a larger zone.
Cinco-Ley and Samaniego 6 described the fracture-face-skin effect, s ff , in terms of damage penetration and damaged permeability. The previous skin factor can be used to calculate an approximate dimensionless productivity index according to where J D|s=0 ‫ס‬ the dimensionless productivity index of the fractured well with zero fracture face skin. Eq. 18 is valid only for the case of uniform influx and damage along the fracture face. For rigorous calculations, we need to incorporate a skin factor distribution. where q (x)‫ס‬the influx normal to the fracture face per unit area.
To take the distributed skin into account, Eq. 14 should be adjusted to include the additional pressure drop given by Eq. 21. In other words, the diagonal elements of the coefficient matrix should be increased by the appropriate (local) skin factor. There are three interesting cases for varying fracture face skin factor-when the skin decreases linearly toward the tip, when it increases linearly, and when it is constant. The first case may reflect damage caused by fracturing fluid leakoff, whereas the second may reflect uneven fluid cleanup following the fracture treatment.
The mean value of the skin is used as a first approximation to evaluate the effect of damage on well performance. 
. (23)
Comparing the three cases is of particular interest when the mean value of the skin factor calculated from Eq. 23 is the same. In our calculations, Case A corresponds to a linearly decreasing fracture face skin from the well toward the fracture tip. Similarly, Case B corresponds to a linearly increasing fracture face skin. Finally, we assume a constant fracture face skin along the fracture in Case C.
In all three cases, however, the mean value of the skin is kept equal to unity. The solid lines in Fig. 5 denote the zero-skin calculations. The first corresponds to the base case (i.e., N prop ‫1.0ס‬ with no fractureface skin effect). For comparison purposes, the no-skin curve for N prop ‫10.0ס‬ is also included.
It can be seen from Fig. 5 that the fracture face skin has a large influence on the dimensionless productivity index. In addition, the damage distribution along the fracture greatly affects the performance. In Case A, which is the most likely to happen, a significant reduction in the productivity index is observed. It is also noted that for Case A, the location of the optimum C fD with respect to the zero-skin location (i.e., 1.6) is to the left but is to the right for Case B. The optimum width and length can still be calculated from Eqs. 16 and 17, but the resulting dimensions will be different than those obtained from C fD ‫.6.1ס‬
The largest reduction in performance happens in Case C (when the damage is uniformly distributed along the fracture). For instance, if the skin factor is one unit, its overall effect is equivalent to an order of magnitude reduction in the proppant number. That is, a uniformly distributed fracture face skin equal to 1 is roughly equivalent to placing only 10% of the original proppant volume and avoiding any damage.
Choked-Fracture-Skin Effect
Choked-fracture skin effect refers to the presence of a damaged zone of the fracture that is near the well and has a conductivity reduction. The conductivity reduction can be caused by an overdisplacement of proppant at the end of a fracture treatment job, by settling of the proppant during fracture closure or by fines migration and accumulation at the wellbore during production. A choked fracture with a significant flow impediment at the vicinity of the wellbore is shown in Fig. 6 , in which w‫ס‬the unaltered fracture width, k f ‫ס‬the unaltered fracture permeability, and w ck ‫ס‬the altered fracture width in the near-well region of the fracture.
Equivalent flow impediment can be caused by a reduced permeability (k f,ck ) zone in the fracture, even if the width is unaltered.
The extra pressure drop in the fracture is depending on whether the damage is expressed as a reduced width (w ck ) or a reduced permeability (k f,ck ). Because the damage is located inside the fracture, it will only affect the pressure drop caused by flow through the fracture. Therefore, Eq. 14 should be replaced by
To analyze the effect of the choked fracture skin on the fracturedwell performance, two different values for choke skin (s ck ‫ס‬ 0.5 and 1) were studied. As in the previous parametric studies, the proppant number was equal to 0.1. Fig. 7 illustrates the results. The solid line represents N prop ‫1.0ס‬ without skin (base case). For comparison purposes, the N prop ‫10.0ס‬ line is also shown (as another solid line) without skin. It can be observed from Fig. 7 that the choke skin reduces the productivity index of the well in a rather straightforward manner. For a proppant number of 0.1 and choke skin of 1, the dimensionless productivity index is equivalent to a fracture without damage but with a reduced proppant number of approximately 0.01. However, the location of the optimum dimensionless fracture conductivity (1.6 for the given proppant number) is not altered by the presence of the choke-fracture skin. We notice that the approximate formula (Eq. 19) works satisfactorily for choke skin.
If we compare the effect of fracture face skin and that of choke skin, we see that the latter is less complex. The plausible explanation is that the choke skin causes an additional pressure drop right at the vicinity of the wellbore without changing the shape of the influx distribution along the lateral direction, x. On the other hand, the fracture face skin causes a relative redistribution of the influx of produced fluids along the lateral direction, and nonuniform damage amplifies this effect.
Application Example
Place 240,000 lbm of proppant (pack porosity‫,53.0ס‬ specific gravity‫,56.2ס‬ and equivalent permeability‫000,06ס‬ md) into a 65-ft-thick formation of 1.5-md effective permeability. Assume that 50% of the proppant goes to pay because of some height growth of the fracture to the adjacent shales. The drainage radius, r e , is 2,100 ft; the well radius, r w , is 0.328 ft; and the skin factor before fracturing, s pre , is 5. Problem. Determine the maximum possible "folds of increase" and the optimum propped length and width.
Solution: The volume of proppant reaching the pay is 50% of the 240,000-lbm proppant volume: V 2w,prop ‫611,1ס‬ ft 3 . The proppant number is The maximum achievable dimensionless productivity index (see According to the definition of folds of increase in the productivity index (with respect to the originally damaged well), it can be obtained as As seen in Fig. 2 , the optimum is realized with C fD ‫,6.1ס‬ and, hence, the optimum fracture dimensions are Problem. Determine the actual folds of increase if 10,000 lbm of proppant has inadvertently been flowed back. Assume the proppant comes from the part of the fracture that is in the pay near the wellbore where a two-grain width (0.06 in.) is stabilized during the fracture-healing process. Solution: As indicated previously, according to our assumptions, optimum fracture geometry is created, but the proppant flowback then produces a choke with the following widthreduction ratio. The length ratio corresponding to our assumptions is Hence, we can predict that the actual folds of increase decrease from 6.1 to 4.8 because of proppant flowback.
Conclusions
The performance of a fractured well is primarily determined by the proppant number (i.e., by the volume contrast of proppant placed into the pay and by the permeability contrast of proppant pack to formation). For every proppant number, there is a unique maximum productivity index that is realized only at the optimum dimensionless fracture conductivity. In turn, the optimum dimensionless fracture conductivity determines the unique width and length to provide optimum performance.
In previous works, 1 we obtained the productivity index with the direct boundary element method. In this work, the direct boundary element method was extended to calculate the effect of fracture face skin with various damage distributions and choked fracture skin.
It was found that nonuniform fracture face skin significantly decreases the productivity of the fractured well and also shifts the location of the optimum dimensionless fracture conductivity. Therefore, not only the maximum achievable productivity index but also the optimum fracture geometry will differ from the zeroskin case. A uniform damage distribution has the most detrimental effect on productivity but leaves the location of the optimum dimensionless fracture conductivity intact.
The effect of choked fracture skin is less complex to account for: it is essentially equivalent to an apparent reduction of the proppant number and does not affect the optimum fracture geometry. 
